GLOBAL ATTRACTORS FOR STRONGLY DAMPED WAVE 
EQUATIONS WITH DISPLACEMENT DEPENDENT DAMPING 
AND NONLINEAR SOURCE TERM OF CRITICAL EXPONENT 



A. KH. KHANMAMEDOV 



Abstract. In this paper the long time behaviour of the solutions of the 3-D 
strongly damped wave equation is studied. It is shown that the semigroup 
generated by this equation possesses a global attractor in Hq(Q) x L^i^t} and 
then it is proved that this is also a global attractor in (H 2 {Q,)DHq (fi)) X Hq (SI). 



1. Introduction 

We consider the following initial-boundary value problem for the strongly damped 
wave equation: 

Wtt — Awt + a(w)wt — Aw + f(w) = g(x) in (0, oo) x i7, (1-1) 
w = on (0,oo) x dCl, (1.2) 

w(0,-)=w , w t (0,-) = w 1 in O, (1.3) 

where f2 C R 3 is a bounded domain with sufficiently smooth boundary and g € 

L 2 (0). 

As shown in [5] and [13], equation (1.1) is related to the following reaction- 
diffusion equation with memory: 

t 

«,».*) = /au s >a» (s ,,)*-/M<. i ))+ 9 M. (1.4) 

— oo 

Namely, if K (t, s) = + 2aS(t — s) then (1.4) can be transformed into 

Xwu - aXAwt + (1 + Xf'(w))w t - Aw + f(w) = g, 

where A > 0, a € [0, 1) and 5 is a Dirac delta function. This equation is interesting 
from a physical viewpoint as a model describing the flow of viscoelastic fluids (see 
[6] and [13] for details). 

When c(-) = the equation (1.1) becomes 

w tt - Aw t - Aw + f(w) = g. (1.5) 

The long time behaviour (in terms of attractors) of solutions in this case has been 
studied by many authors (see [5] , [5] , [7] , [T3] , [IS] , [TH] , [21] and references therein) . 
In [Tl] the existence of a global attractor for (1.5) with critical source term (i.e. in 
the case when the growth of / is of order 5) was proved. However, the regularity of 
the global attractor in that article was established only in the subcritical case. For 
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the critical case, the regularity of the global attractor of (1.5) was proved in [15j . 
under the assumptions 

/ e C\R), |/'(s)| < c(l + |s| 4 ), Vs e R and liminf /'(s) > -Ai (1.6) 

|s|— too 

or 

/ € C 2 (i?), |/"(s)| < c(l + |s| 3 ), Vs e -R and liminf^ > -A x , (1.7) 

|s|— >00 S 

where Ai is a first eigenvalue of —A with zero Dirichlet data. In that article the 
authors obtained a regular estimate for w u (when w(t, x) is a weak solution of (1.5)) 
and then proved the asymptotic regularity of the solution of the non-autonomous 
equation 

—Aw t - Aw + f(w) = g - w u - 

In [5] and [TH], the regularity of the global attractor of (1.5) was proved under the 
following weaker condition on the source term: 

/ G C(R), \f(u)-f{v)\ < c{l + \u\ 4 + \v\ 4 )\u~v\, Vu,veR and liminf^ > -Ai. 

|s|->oo S 

In [8], the authors investigated the weak attractor for the quasi-linear strongly 
damped equation 

wtt — Awt — Aw + f{w) = V • ip (V«j) + g 
under the following conditions on the nonlinear functions / and (p: 
feC^R), -C + ai \ s \ q < f'( s ) <C\s\ q ,y s eR, 

V eC 2 (R 3 ,R), a2 \ r] f- 1 \^<J2^^^j<^(l + \vr 1 )^\ V^ei? 3 , 

for some a t > 0, (i = 1,2,3), C > 0, q > and p € [1,5). When -^§^ = 0, 
= 1,2,3), the strong attractor has also been studied. Recently, in [S], the 
authors have studied the global attractor for the strongly damped abstract equation 

w tt + D{w, w t ) + Aw + F(w) = 0. 

However, the approaches of the articles mentioned above, in general, do not seem 
to be applicable to (1.1). The difficulty is caused by the term a(w)w t , when the 
function cr(-) is not differentiable and the growth condition imposed on cr(-) is 
critical. In this paper we prove the existence of the global attractors for (1.1)-(1.3) 
in ffoHO) x L 2 (0) and {H 2 {Vl) n #o( fi )) x H o( n )- Thcn usin S the embedding 
H^ +e (il) C C(H) we show that these attractors coincide. 

2. Well-posedness and the statement of the main result 
We start with the conditions on nonlinear terms / and a. 

• feC(R), \f(s)- f(t)\<c(l + \ S \ 4 + \t\ 4 )\ s -t\,Vs,teR, (2.1) 

. liminf^ > -Ax, where X 1 = inf ; ( 2 .2) 

• a£C(R), cr(s)>0, |cr(s)| < c(l + |s| 4 ), Vs e R. (2.3) 
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By the standard Galerkin's method it is easy to prove the following existence the- 
orem: 

Theorem 2.1. Let conditions (2.1)-(2.3) hold. Then for every T > and every 
(wq,wi) £ % := i?o(f2) x L2(Q), the problem (l.l)-(l.S) admits a weak solution 

w€C([0,T];H^n)), w t eC([0 ! T];L 2 (fi))nL 2 (0,T;i/ 1 (fi)), 

which satisfies the following energy equality 
t t 

E(w(t))+ J \\Vw t (T)f L2(n) dr + J (a(w(T))w t (r),w t (r)) dr + (F(w(t)), 1) - 

S S 

- (g,w(t)) = E(w(s)) + (F(w(s)),l) - (g,w(s)) , < s < t < T, (2.4) 

where E(w(t)) = |(|| Vw(t)\\ 2 L , a) + |K(*)||wn))) (u,v) = J u(x)v(x)dx and 

Q 

w 

F(w) = J f{u)du. 
o 

Now using the method of [THl Proposition 2.2] let us prove the following unique- 
ness theorem: 

Theorem 2.2. Let conditions (2.1)-(2.S) hold. Ifw(t,-) andw(t,-) are the weak 
solutions of (l.l)-(l.S), determined by Theorem 2.1, with initial data {wq,w\) and 
(wq , wi ) respectively, then 

\\w{T) - w(T)\\ 2 Hl{n} + \\w t (T) - wt(T)\\ 2 H - 1{n} < 

< c{T,R) (\\w -w Q \\ H1(n) + \\w! - Wi\\ H . 1(n) J 

where c : i?+ x R + — > R + is a nondecreasing function with respect to each variable 
and R = max {|| (w , wi)\\ H , \\(wq, Wi)\\ h }. 

Proof. By (2.1)-(2.4), it follows that 

\\(w(t),w t (t))\\ H + \\(w(t),ul t (t))\\ H < Cl (R), Vi>0. 

t 

Denote u(t, •) = w(t, ■)— w(t, •) and u(t, •) = J u(t, -)dr. Integrating (1.1) for w(t, ■) 

o 

and w(t, •) on [0,t] and taking the difference, we have 

t 

U t - Au + S(w) - £(w) -Au + J (f(w(r, )) - f(w(r, ))) dr = 



= S(w ) — S(u> ) — A(w — wo) + wi — wi, Vt > 0, (2.5) 

w 

where S(w) = Ja(s)ds. Testing (2.5) by u and taking into account (2.1), (2.3), 
o 

(2.4) and monotonicity of £(•), we find 

±E{u{t)) + \\\Vu{t)\\ 2 L2{n) < 

< c 2 {R) (j|V(wo - ^o)|li 2( n) + \\wi - «?i||^-i(n)) + 
t 

+ c 2 (R)tJ \\Vu(r)\\l 2m dT, Vt>0 (2.6) 
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and consequently 
d 



j t E(u(t)) < C2(R) (|K - w \\ 2 Hl{Q) + IK - fiJi|lH-i ( n)) + 2c 2 (R)tE(u(t)), 



where E(u(tj) = E(u(t)) + \\Vu(t)\\ l ,q\ dr. Applying Gronwall's lemma to the 

o 2 

last inequality, we get 

E(u(tj) < c 3 (i?)e C2(ii)t2 (|K - w f H1{n) + |K - wi\f H -i (n) ) (2.7) 
By (2.1), (2.3), (2.4) and (2.7), it follows that 



< \(u t (t),u(t))\ + \(Vu(t),Vu(t))\ < 
<C4(i2)(||«(t)|| La(n) + ||V«(t)|| ia(n) ) < 

c 2 (H)t 2 / \ 

<c 5 (i?)e 2 (JK -w \\ H i {Q) + |K -wi\\ H -i {n) ) , Vt>0. 
Taking into account (2.7) and the last inequality in (2.6), we obtain 

HV«(t)|lL(n) < c e(^)(l + tV 2iR)t ' 2 (iN - tio\\ m{n) + 

+ \\W! - Wl|| H -i(fi)) , Vt>0. 

Now, from (2.5), we have 

lk(*)ll 

t 

+ J \\f{w{r, )) - f(w(r, ))|| ff _ 1(n) dr + ||SK) - £(tDo)|| H - 
o 

+ ||V(wo - w Q )\\ La(n) + |K - «Ji|| ff -i ( n) . 
which due to the above inequalities gives 

IMt)|&-i(ii) <c 7 (i?)(l + i)e C2(ii) * 2 (lK-<3o|| H i (n ) + 

+ IK - wi|| H -i (n) ) , yt>o. 



'(!!) + 



□ 



Thus by Theorem 2.1 and Theorem 2.2, it follows that by the formula S(t)(wo, W\) 
= (w(t),w t (t)), problem (1.1)-(1.3) generates a weakly continuous (in the sense, if 
ip n —¥ <p strongly then S(t)ip n — > S(t)<p weakly) semigroup {<S(i)} t>0 in "H, where 
w(t, •) is a weak solution of (1.1)-(1.3), determined by Theorem 2.1, with initial data 
(wo,Wi). To show the strong continuity of {S(t)} t>a we firstly prove the following 
lemma: 

Lemma 2.1. Let ip G C(R) and \<p(x)\ < c(l + \x\ r ) for every x € R and some 
r > 1. Ifv n —tv strongly in L q (SY) for q> r, then ip(v n ) — > <p(v) strongly in Li(Q). 
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Proof. By the assumption of the lemma, there exists a subsequence {v nk } such that 
v nk — > v a.e. in SI. Then by Egorov's theorem, for any e > there exists a subset 
A e C such that mes(A e ) < e and v Uk — > v uniformly in 0\A £ . Hence for large 
enough k 

\v nk (x)\ <l + \v{x)\ inn\A £ 

and consequently 

\<p(v n „(x))\ < ci(l + \v(x)\ r ) in n\A £ . 
Applying Lebesgue's theorem we get 

Urn I^KJ - pHIIi^a.) = 0. (2.8) 
On the other hand since we have 



the inequality 



\imJv nk \\ Lq{Ae) = \\v\\ Lq{AEy 



Iimsup||<p(t; n J||£ < c 3 (e + ||v||? 



is satisfied. The last inequality together with (2.8) implies that 

limsupl^KJ -¥>(v)||£ (n) < c 4 lim(£+ ||«||? = 0. 

fc— S-OO r £— >U 



□ 



Theorem 2.3. Under conditions (2.1)-(2.3) the semigroup {S(t)} t>0 is strongly 
continuous in H. 

Proof. Let (w 0n ,wi n ) -> (w ,wi) strongly in "H. Denoting (w n (t),w tn (t)) = 
S(t)(won,w ln ), (w(t),w t {t)) = S(t)(w ,W!) and u„(i) = w n (t) - w(t), by (1.1) we 
have 

u ntt - Au nt + a(w n )w nt - a(w)w t - Au n + f(w n (r)) - f(w(t)) = 0. 

Since, by Theorem 2.1, every term of the above equation belongs to £2(0, T; iJ~ 1 (fi)), 
testing it by u nt , we obtain 

E(u n {t)) < E(u n (0)) + c\\a(w n ) - <r(w)f c{[0tnLi(n)) +c J E(u n (s))ds, Vt G [0,T]. 



Applying Gronwall's lemma we have 

E(u n (T))< ^K(0))+c|| ( 7K)-a( U ;)||^ ([0iT] . L 3 (n)) ) e cT , VT > 0. (2.9) 
By Theorem 2.2, it follows that 

ii^lK- w || c([0iT];L6(n)) = 0. 

Now applying Lemma 2.1 it is easy to see that 

rl^L ll' J ( W ") ~ Cr ( W )Hc([0,T];L3 (Q)) = ' 

which together with (2.9) yields that S(T)(wo n , w\ n ) — > S(T)(wq, wi) strongly in 
H, for every T > 0. □ 
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Now let us recall the definition of a global attractor. 
Definition ([E]). Let {V(t)}t>o be a semigroup on a metric space (X, d). A 
compact set A C X is called a global attractor for the semigroup {V(t)} t>0 iff 

• A is invariant, i.e. V(t)A — A,Vt> 0; 

• lim sup inf d(V(t)v, u) = for each bounded set B C X. 

Our main result is as follows: 

Theorem 2.4. Under the conditions (2.1)-(2.3), the semigroup {S(t)} t > gener- 
ated by the problem (1.1)- (1.3) possesses a global attractor A in H, which is also a 
global attractor in Hi := {H 2 {Vt) n H$(Q)) x £#(0). 



Remark 2.1. We note that if the condition (2.3) is replaced by 

a € C(R), a{s) > 0, \a(s)\ < c(l + |s| p ), < p < A, Vs € i?, 

i/ien itsmg £/ie methods of [5] , [19] and [21] one can prove Theorem 2.4- If we 
assume 

a e C^R), a(s) > 0, |ct'(s)| < c(l + |s|), Vs € i?, 

instead of (2.3), then the method of [15] can be applied to (1. !)-(!. 3). In this case, 
as in [20], one can show that a global attractor A attracts every bounded subset of 
H in the topology of H^(fl) x Hq(£1). 

Remark 2.2. We also note that problem (1. !)-(!. 3), in 3-D case, without the 
strong damping —Awt was considered in [11) and [16] , In this case, when cr(-) is 
not globally bounded, the existence of a global attractor in the strong topology of % 
and the regularity of the weak attractor remain open (see [11] and [16] for details). 

3. Existence of the global attractor in H 

We start with the following asymptotic compactness lemma: 

Lemma 3.1. Let conditions (2.1)-(2.3) hold and B be a bounded subset ofH. Then 
every sequence of the form {S(t n )ip n }'^L 1 , {ip n }™=i C B, t n — > oo, has a convergent 
subsequence in H. 

Proof. By (2.4), we have 

supsup ||<5(f)y|| w < oo, 

~ 2 ( 3J ) 

sup / \\PS{t)ip\\ H i, n) dt < oo, 

where P : H — >Li2{Q) is a projection map, i.e. Pip — ipi, for every ip — {ip\, ip-i) € H. 
So for any Tq > 1 there exists a subsequence {nk}uLi such that t nk > To and 

w k -> w weakly star in L^O, oo; H£(Q)), , , 

Wkt-twt weakly in L 2 (0,oo;iJ 1 (fi)), 

for some w € Loo(0, oo; H&(Q)) n W^°°(0, oo; L 2 (^)) n W^(0, oo; where 
(u> fe (i), w kt (t)) = S(t + t„, k — To)ip nk . Now multiplying the equality 

(wfc - w m )tt - A(w fct - w mt ) + a(wk)wkt ~ a(w m )w m t - A(w fc - w m ) + 

+f(w k ) - f(w m ) = 
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by (wkt — Wmt + ^2~(wk — w m )) and integrating over (s,T) x fi, we obtain 

T 

^E(w k (T) - w m (T)) + X 1 J E(w k (t) — w m (t))dt+ 

s 

T 

+ J {<y{w k {t))w kt (t) - a(w m {t))w mt {t) 1 w kt {t) - w mt {t)) dt+ 

s 

T 

+^(sK(T)) + SK(T)),l)-y| (a(w k (t))w kt (t),w m (t))dt 

s 

T 

-y / Hw m (t))w mt (t),w k (t))dt + {F(w k (T)) + F(w m {T)),l)- 

s 

T T 

-J (f{w k {t)),w mt (t))dt- J (f(w m (t)),w kt (t)), 

s s 
T 

+y J (/KW) - f(w m (t)),w k (t) - w m (t)), 

s 

< (| + Ai)EK(s) - w m (s)) + y (E(wfc(a)) + £(tu m (*))> l) + 
|(%(s))|fK(s)),l), 0<s<T, 
where = / scx(s)c?s. Integrating the last inequality with respect to s from to 



dt+ 



dt < 



o 

T we find 

T 
2 



1 

E(w k (T) - w m {T)) + X l J sE(w k (s) - w m (s))ds+ 



+js (a(w k (s))w kt (s) - a(w m {s))w m t{s),w kt {s) - w mt (s)) ds+ 



T 

(SK(T)) + t(w m (T)), 1)-yJ 8 (^ w k(s))w k t(s),w m (s)) ds 

o 

T 

J s (a(w m (s))w mt (s), Wk (s)) ds + T (F(w k (T)) + F(w m (T)), 1) - 
o 

T T 

- J s (f(w k (s)), w mt (s)) ds - j s (f(w m (s)), w kt (s)) ds+ 


T 

+y Js(f(w k (s)) - f(w m (s)),w k (s) - w m (s)) dt < 
o 
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< G + Ai) / E(w k (s) - w m (s))ds + I ( F(w k (s)) + ^-E(w k (s)), l\ ds+ 



+ I ( F(w m (s)) + ^E(w m (s)),l ) ,/s. V7 > 0. 



(3.3) 



By (3.1)i, it follows that 



(o + ' E ( w k( s ) - w m (s))ds < ci+ 



+ Y y sE(w k (s) - w m (s))ds, VT > ^J_^ Al 



(3.4) 



Since for every e > the embedding i/ 1 (f2) C H 1 £ (fl) is compact (see for example 
[T21 Theorem 16.1]), applying [TH1 Corollary 1] to (3.2), we have 

w k -> io strongly in C([0, T]; if 1 -^)). 

Applying Lemma 2.1 it yields that 

a{w k ) -> o-(io) strongly in C([0, T]; L|_ e (fi)), 
cr3(«;fe) -> cr^(w) strongly in C([0, T]; L 3 _ £ (0)), 

for small enough e > 0. The last approximation together with (2.3) and (3.2)2 
implies that 

a(w k )w kt -t a(w)w t weakly in L 2 ([0, T]; Le (fi)), 
a2(w k )w kt a2(w)wt weakly in L 2 ([0,T]; L 2 (Q,)), 

by which we obtain 

T 

liminfliminf / s (<r(w k (s))w kt (s) - (j(w m (s))w m t(s), w kt (s) - w mt (s)) ds = 

m— >oo k — >oo / 



= liminf / s 

k—too 



a 2 (w k (s))w kt {s) 



ds + lim inf / s 

L 2 (n) m-Kx> 



CT 2 (lD m (s))a) m ((s) 



L 2 (n) 



2 / s 



(7 2 (w(s))w t (s) 



L 2 (fi) 



ds > 0, 



(3.5) 



lim lim s (a(w k (s))w kt (s),w m (s)) ds = s (a(w(s))w t (s),w(s)) ds = 

TYl — yooh — ^QG / 



T T 

t[ (e(w(s)),1) ds - ( (E(w(s)),l)ds 



(3.6) 
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1 1 

lim lim s (a(w m {s))w mt {s),w k (s)) ds = Is (a(w(s))w t (s),w(s)} ds 

71— >OOfc — >OC J J 



m—t-ook—toCj 

I) 

T 



= T j (t{w(s)), 1^ - y lj> ds (3.7) 



Also applying Fatou's lemma and using (2.1), (2.2), (2.3), (3.2), we have 



liminf (X(w k (T)),l) > (SKT)),^ 
limTnf (F(wk(T)), 1) > (F(w(T)), 1) , 

T T 

Iiminf/s(/(«; fe (s)),«; fe (s))ds > fs(f(w(s)),w(s)) ds. 

fe^oo 

Taking into account (3.4)-(3.8) in (3.3), we obtain 

T 

T A f 

— -liminf lim inf_E(uifc(T) — w m (T)) + — liminfliminf / sE(w k {s) — w m (s))ds < c\+ 

2 m— >oo k— >oo 2 m— >oo k— >oo J 



+ 21iminf y |fK( S )) + y £(«*(*)) - F(tu(s)) - — £(tu(s)), 1^ ds, (3.9) 
o 

for T > ^^i. Now let us estimate the right hand side of (3.9). By (2.1), (3.1)i 
and (3.2), we find that 

T T 

J \(F(w m (s)) - F(w(s)), l)\ds<c 2 J \\w m (s) - w(s)\\ H i m ds < c 3 +c 4 (e) Iog(T)+ 


T 

+e J s \\w m (s) - w(s)\\ 2 H i {n) ds<c 3 + c 4 (e) log(T)+ 
l 

T 

-fdiminf fs\\w m (s) - w k (s)f Hl(n) ds, VT > 1, Ve > 0. (3.10) 



By the same way, we have 

T 

J | (z(w m (s)) - £(«;(«)), l) | d* < c 5 + c 6 (e) log(T) + 
o 

T 

-fdiminf /s || w m (s) - w k (s)\\ 2 H i (sl) ds, VT > 1, Ve > 0. (3.11) 



Now, choosing e small enough, by (3.9)-(3.11), we obtain 

liminf lim ME(w k (T) - w m {T)) < + l0g(T)) , VT > max (l. 3 + 2Al 



m— s-oo fc^oo ' T ( Ai 



10 



A. KH. KHANMAMEDOV 



Choosing T = To in the last inequality we find 

liminfliminf \\S(t n )ip n - S(t m )tp m \\n < <W ~ + ^^"^ , 

n^oo m— >oo w i q 

and passing to the limit as T — > oo we have 

liminfliminf ||S(£„)</?„ - S'(t m )^ m || ? , = 0. 

n^oo m— >oo 

Similarly one can show that 

liminfliminf \\S(t nk )<p n . - S(t nm )<p nm \\ v = 0, (3.12) 

for every subsequence Now if the sequence {S(t n )(p n }'^ =1 has no conver- 

gent subsequence in H, then there exist e > and a subsequence {rife}^^, such 
that 

\\S(t„ k )(Pn k ~ <S'(*n m )wJI« ^ £ 0, k ^ m. 

The last inequality contradicts (3.12). □ 

Now since, by (2.4), the problem (1.1)-(1.3) has a strict Lyapunov function 
L(w(t)) := E(w(t)) + (F(w(t)),l) - (g,w(t)), according to [4, Corollary 2.29] we 
have the following theorem: 

Theorem 3.1. Under conditions (2.1)-(2.3), the semigroup {S(t)} t >o possesses a 
global attractor An in H. 

4. Existence of the global attractor in Hi 

To prove the existence of a global attractor in "Hi we need the following lemmas: 

Lemma 4.1. Let conditions (2.1)-(2.3) hold and B be a bounded subset of Hi. 
Then 

supsup \\S(t)<p\\ H < oo. (4.1) 

Proof. We use the formal estimates which can be justified by Galcrkin's approx- 
imations. Multiplying both sides of (1.1) by -Aw f and integrating over Q, we 
obtain 

1 l|Vtu t (t)|£ a(n) + \ ||A w (t)|£ 2(n) + (g,Aw(t)) ) + 



dt \ 2" v >"Wi) 2 
1 
2 



+i||A Wt W||i 2(f2) <||/Kt))||^ 2(0) + 



+ \Hw(t))w t (t)\\ 2 L2{n) , Vt>0. (4.2) 
By (2.1) and (2.3), we have 



11/(^(0)112,(0) + \W(w(t))w t {t)\\i 2 m <ci{i + IK*)C(n) + lkt(*)lli a(n) J + 

+ C2im*)llL(n)ll u, *(*)HL(n). v *>°- ( 4 - 3 ) 
On the other hand, by the embedding and interpolation theorems, we find 

iMi ilo{n) < c 2 y\\ H i (n) ^ c 3 iMiihn) ii^iiImo) - v ^ e h2 ^- ( 4 - 4 ) 

Taking into account (2.4), (4.3) and (4.4) in (4.2) and applying Gronwall's lemma, 
we obtain 

\\{w(t),w t (t))\\ Hl < C(*,r)(l + \\{w ,wi)\\ Ui ), V* > 0, (4.5) 
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where C : R+ x i?+ — > i?+ is a nondccrcasing function with respect to each variable 

and r = sup Since the embedding Hi C H is compact, by (4.5), it follows 

yes 

that the set ^J^S(t)B is a relatively compact subset of H, for every T > 0. This 
together with Lemma 3.1 implies the relative compactness of \J^S(t)B in H. Now 
using this fact let us estimate ||w(£)||i, 10 (nv 

\\w(t)\\ 1 L ia{n) <m 10 me S (Q)+ J \w(t, x)\ 10 dx < 

{x:x£fl, \w(t,x)\>m} 

I 

J \w(t,x)\ 6 dx\ \\w(t)\\l MQ) < 

\{x:x££2, \w(t,x)\>m} 



< m w mes(n) 



( \ 

J \w(t,x)\ 6 dx 

\{x:xeil, \w(t,x)\>m} ) 

So for any e > there exists c e > such that 



< m mes(O) + c 4 



m*)ll#»(ii) IK*)lltfi(n) • 



lk(*)llL 10 (n) < £ ll Aw WIIL(o) + c e , Vi >0, 
which together with (4.2)-(4.4) yields 

| Q l|V^(i)llL ( a) + ^ l|A^(t)|| 2 L2(i2) + (5, A»(i))) + 1 \\A Wt (t)f L2{n) < 

< c 5 ||V«*(t)|£ a(n) || Aw(t)\\l 2{n) + e ||A W (i)||' 2(n) + c E + cb, Vi > 0. 

Now multiplying both sides of (1.1) by -^Aw (0, 1)) and integrating over fi, 
we obtain 

^ ^\\Aw(t)\\l 2(n) + v(\7w t (t),\7w(t))^ + n\\Aw(t)\\ 2 L2{n) < 

< HML 2 (Q) ll Aw WllL 2 (o)+Ml|Vw t (t)||i 2(0) +Ai|k(wW)^WIlL 2 (o) II Aw WIIl 2 (o) 

+»\\f(w(t))\\L 2{ n)\\Aw(t)\\ L2{a) , Vt>0. 
Taking into account the relative compactness of U S(t)B, similar to the argument 
done above, we can say that for any e > there exists c E > such that 

H/(M*))llL(n) + IKM*)M(*)llL(Q) < £ (\\Aw(t)f L2{n) + ||A«*(i)|£ a(n) ) + 

+c £ ||At«(t)||' 2(n) \\Ww t (t)\\l 2(n) +c £ , Vt > 0. 
By the last three inequalities we have 

j t Q \\Vw t {t)\\ 2 L2{n) + 1(1 + M ) ||A«;(t)|£ 2(n) + m (Vu; t (t), Vtu(t)) + (.9, Atu(t)) 

+ (1 - ^6 - s) ||A^(t)||^ (n) + (1/x - 2e) ||A w (t)|| 2 L2(0) < 
< (c 5 + c £ )||A^)llL(n) l|V^(i)llL(n)+C6 + c £ +? £ , Vt > 0. 
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Choosing /i small enough and e € (0, we obtain 

|$(t) + or$(t) < c 8 ||V«*(i)|£ a(n) *(t) + c 8 (l + \\Vw t (t)\\ 2 L2(n) ), Vt > 0, 

where $(t) = ± ||V Wt (t)|| 2 2(0) + |(1 + M ) || A™(t)|| 2 2(0) + M (Vu^t), Vw(t)) + 

+ (g, Aw(t)). Multiplying both sides of the last inequality by 

t 

/(c 7 -c 8 1| V»i(r) || £ (n) )dT 

e° ' , integrating over [0,T] and multiplying both sides of ob- 

-/[cr-cellV^WHi^n,]* 
tamed inequality by e , we tmd 

*(T) < $(0 )e -l (C7 - C8l|Vl " t(t)l|2 -> )d V 

T T 

/" 9 -/(c7-c 8 ||Vzu t (T)||2 )dr 

+ C8 y (i + ||v Wt (t)|| 2 L2(f2) ) e J * L2(S!) dt, vr > o, 



which together with (2.4) yields (4.1). □ 

Lemma 4.2. Let conditions (2.1)-(2.3) hold and B be a bounded subset of Hi. 
Then every sequence of the form {S(t n )<Pn}™=i, {^nj^Li C B, t n — > oo, has a 
convergent subsequence in Hi. 

Proof. Let us decompose {S(t)} t>0 as S(t) = U(t) + C(t), where U(t) is a linear 
semigroup generated by the problem 

u u — Au t — Au = 0, in (0, oo) x O, 
u = 0, on (0,oo) x dQ, (4.6) 

u(0,-)=w , u t (0, -) = wi, in O, 

C(t) is a solution operator of 

v tt - Av t - Av = g(x) - f(w) - a(w)w t , in (0,oo)xfi, 
v = 0, on (0,oo) x dCt, (4.7) 

« fc (0,-) = , «t(0,-) = 0, in Q 

(i.e. (u(t),u t (t)) = U(t)(w ,wi) and (v(t),v t (t)) = C(t)(w ,wi)) and (w(t),w t (t))= 
S(t)(wo,wi). Multiplying (4.6)i by (u t — |Aw — ^iAu t — vtAu t ) and integrating 
over fi, we obtain 

^ [E{u{t)) + 1 ||A u (t)|| 2 2( ^ - 1 («,, A U ) + + ||V Ut (t)|| 2 2( ^ + 

+ + ^) || Au(i)||* a(n) ) + 1(1 - v) ||V Ut (t)|| 2 L2(f2) + 1(1-1/) ||A«(t)|| 

+( A1 + ^)||A Ut (t)|| 2 2(0) =0, Vt>0. 
Choosing (/x, z/) = (1, 0) and (fi, v) = (0, 1) in the last equality, we find 

\\U{t)\\ c{ u^)< M e- w \ Vi>0, (4.8) 

and 

l£((H 2 (!2)nffi(S]))xL 2 (n),H 1 ) ^ ^ > °> 



2 + 



M 

WWlatHimnmmuLim.ni) ^ ^r> yt> °. ( 4 - 9 ) 
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respectively, where M > and u > 0. Also applying Duhamel's principle to (4.7), 
we have 

t 



C(t)(w ,w 1 ) = IU(t-s)(0,$ {wo>wl) (s))ds, (4.10) 
o 

where $t WOlWl ) (s) = g — f (w(s)) — a(w(s))w t (s) . By Lemma 4.1 and equation (1.1), 
it follows that the set of functions {^>(,u ,u)i) (s) : (wq,wi) £ B } is precompact in 
C([0,t];L 2 (O,)). So, from (4.9) and (4.10)' we obtain that the operator C(t) : Hi -> 
Hi, t > 0, is compact. Since 

S(t n )<p n = U(T)S(t n - T)<p n + C{T)S{t n - 7>„ 

for t n > T, by (4.1), (4.8) and the compactness of C(t), we obtain that the sequence 
{S(t n )<p n }°°_-, has a finite e-net in H, for every e > 0. This completes the proof. □ 

Now by Lemma 4.2, similar to Theorem 3.1, we obtain the following theorem: 

Theorem 4.1. Under conditions (2.1)-(2.3), the semigroup {S(t)}t>o possesses a 
global attractor A-h 1 in Hi- 

5. Regularity of the Ah 

To prove the regularity of An we will use the method used in [5] and [TU] . Since 
A-h is invariant, by [TJ p. 159], for every (wo,Wi) £ A-h there exists an invariant 
trajectory 7 = {W(t) = (w(t),w t (t)), t e R} C A H such that W(0) = (w ,wi). By 
an invariant trajectory we mean a curve 7 = {W(t), t £ R} such that S(t)W(r) = 
W(t + t) for t > and r £ R (see [U p. 157]). Let us decompose w(t) as 
w(t) = Uk(t, s) + Vk(t, s), where 

Vktt ~ Awe + a k (w)v kt - Av k + f k (w) = g(x), in (s, 00) x SI, 

v k = 0, on (s, 00) x dfl, , (5.1) 

v k (s,s,-)=0, v k t(s, s, ■) = 0, in 17 



u fet i - Aw fet + a(w)w t - o- k (w)v kt - Au k = 
= fk{w) - f(w), in (s,oo)xO, 

u k = 0, on (s, 00) x dfl, 

u k (s,s,-) = w(s,-) , u kt (s,s,-) = w t (s,-), in Q 



(5.2) 



f(k), s > k, ( c{k), s > k, 

fk(s)={ f(s), \s\<k, ,a k (s) = l a(s), \s\ < k, and k £ N. 

/(— fc), s < -fc [ cr(— fc), s < -k 

Now let us prove the following lemmas: 

Lemma 5.1. Assume that conditions (2.1)-(2.3) are satisfied. Then 
(v k (t, s),v k t(t, s)) £ "Hi and for any k £ N there exists T k < such that 

H«fet(*,s)|lHi(n) + \\ v k(t, s)||fl-2 (n) < r fc^, Vs < f < T fe , (5.3) 
where the positive constant r is independent of k and (wq,Wi). 

Proof. Multiplying both sides of (5.1)i by v kt + fJ.v k (fi £ (0,1)) and integrating 
over SI, we obtain 

j t (E{v k (t, a)) + I ||V« fc (t, s)||£ a( n) + M (««(*, «), «fc(*, «))) + 
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+ \ \\^ v kt(t,s)\\l 2{n) -fi\\v kt (t,s)\\l 2(n) + (fi- Cl fi 2 ) \\Vv k (t, s)f L2{n) < C 2 , Vt > S. 

Choosing /i small enough in the last inequality, we find 

\\vkt(t,s)\\ L2{n) + \\v k {t,s)\\ H i {n) <c 3 , Vt>«. (5.4) 

Multiplying both sides of (5.1)i by v k t, integrating over (n, t 2 ) x fi and taking into 
account (5.4), we have 

y ||V Vfct (t, S )||i 2(0) dt< C4 + y \{f' k (w(t)) Wt (t),V k (t, S ))\dt < Ci + 

Ti Ti 
T2 

+ c 5 y ||Vu*(i)|| Mn) dt, Vr 2 > n > a. (5.5) 

Tl 

On the other hand, by (2.4), we have 

HV«^(*)||l 2(n) dt <oo, (5.6) 

which together with (5.5) yields 

\Vv kt (t,s)\\l 2{n) dt<c 6 (l + (T 2 -T 1 ) i ), Vt 2 > Ti >s. (5.7) 

Multiplying both sides of (5.1)i by —Av kt — fiAv k (p, e (0, 1)), integrating over fl 
and taking into account (5.4), we have 

j t Q \\Vv kt (t, s)f L2{n) + \ || Av k (t, s)\\ 2 L2(n) + ii (Vv kt (t, a), Vv fc (t, «)>) + 

+(^ - C 7M) ||Au fet (i,s)||^ 2(n) + (/i- a* 2 ) ||Au fe (t,s)|| 2 2(0) < c 7 + 

+ c 7 \\a k (w(t))v kt (t, S )\\ 2 L2{n) + c 7 \\f k (w(t))f L2{n) , Vt > *. (5.8) 

Now let us estimate the last two terms on the right side of (5.8). By (4.4) and 
(5.4), we find 



/ 



\<7k(w{t))v kt {t,s)\\ L2m < \\<r k {w(t))\\ L (a) \\v kt (t,s)\\ Lio(n) 

2 

2 - - 

< c 8 ikfcMt))!!!, (fl ) 11^*^,5)11^2(0) HM*> s )lllri(Q) < 



< c 9 \\a k (w(t))\\l 5{n) +c 9 \\Av kt (t,s)\\ 2 L2m \\Vv kt (t,s)\\ 2 L2{n) + 

"2" 



Also by the definitions of <r k (-) and f k (-), we have 



+ ^||Av fct (i,*)|lLn)> Vt> s . (5.9) 



lkfe(^(*))ll! i( a) = y Wk{w(t,x))\* <Lr 
n 



< J \a k (w(t,x))\* dx + J \a k {w{t,x))\* dx < 

{x:xen, \w(t,x)\<2m} {x:x£ft, \w(t,x)\>2m} 
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< Cwm 



\w(t,x)\<2m} 



+c 10 k 



+ c 10 k 



{i:iEf!, \w(t,x)\>2m} 



(l + \w(t,x)f)dx+ 
w(t,x)\ 6 dx < cnm 4 + 
w(t,x)\°dx, Vfc e N Vm > 1 and Vt € R. (5.10) 

< 



{i:i6fi, |iu(t,a;)|>2m} 
|6 



ll/fcW*))llL 2 (n) = / \fk(w(t,x))\Ux 



< ci 2 m 



(1 + Kt,x)| 8 )dir+ 



{i:i6f!, \w(t,x)\<2m} 



+c 12 k 4 



\w(t,x)\ dx<ci 3 m 4 + 



c 12 k 



{x:xGQ, \w(t,x)\>2m} 
|6 



{x-.xeCl, \w(t,x)\>2m} 



Now denote w (m \t,x) 



w(t,x)\°dx, Vfc e N Vm > 1 and Vt e R. (5.11) 

w(t,x) — m, w(t,x)>m 

0, |u>(i, x)| < m . Since, 

w(t, x)+m, w(t,x) < —m 



\w(t,x)\ < 2 w {m) {t,x) , V(i,x) e {(t,x) e i? x fi, |w(i,x)| > 2m}. 
we have 



/ 



Ht,x)|°dx < 2 b J \w m (t,x)\°dx < 

{x-.xEQ, \w(t,x)\>2m} \w(t,x)\>2m} 



<2' 



7 it« m (t,x)i f 



dx < C14 



V«7 (m) (t) 



L 2 (Q) 



, Vt G i?. 



(5.12) 



So, by (5.8)-(5.12), it follows that 



j t [\ HVwfctC*, s)||i 2(n) + ^ || A« fc (t, «)||* a(n) + m (V^ t (t, s), Vv fc (t, s)) ) H 



+(^ - c 7^) l|Aw fct (t,s)||i 2(0) + (a*-m 2 ) ||Av fc (t, s)||i 2fn , ' n ,m ' : - 



L 2 (fi) T lf ; \\ L - iu kK b ^)\\L 2 (n) 

1 2 iiv7 / ( mi 2 



+C15 || A«fct (t, S) || La(a) || Vt>fct (t, s) || La (n) + 



7 

+ Cl 5 fc 5 



Vw (m) (t) 



L 2 (Q) 



On the other hand, testing (1.1) by w^ m \ we obtain 



±(w t {t)M m \t)) + \Vw™{t)" 2 



L 2 (n) 



, Vfc G N Vm > 1 and Vt > s. (5.13) 



(m) / ,\ 



L 2 (Q) 



("' 



<j(w(t))w t (t),w (m \t)) - (f(w(t)),w (m \t)) ,VtER. (5.14) 
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Let us estimate each term on the right hand side of (5.14). By the definition of 
w ( m ) W e have 



g,w' m \t)) < 



( r 

y{x:x£Q, \w(t,x)\>m} 

v» (m) (t) 



w (m) {t) 



L 6 (Q) 



< 



< 



Cl6 



to^ 



L 2 (Q) 



Vt G R. 



By (2.3), it follows that 

(a(w(t))w t (t)M m Ht))\<c lr \\Vw t (t)\\ L2{n) |W">(t) 
Also by (2.3), we obtain 

(/M;)W m) W) > -Ai (w(t)M m) (t)) > 

/ 

y |w(t,x)| 5 d:r 



i 2 (n) 



Vt G J?. 



> -Ai 



(m) 



(*) 



\{x:x£Q, \w(t,x)\>m} 



> 



> 



C18 



Vw (m) (t) 



L 2 (H) 



Vte fl, 



for large enough to. Taking into account the last three inequalities in (5.14), we 
have 

d 



dt 



w t (t),w {m) (t))+c w Vtu< ro >(t) 



< 



L 2 (fi) 

<c 20 ||V^(t)||i 2(n) + 2, VtGi?. 



(5.15) 



for large enough to. Now multiplying (5.15) by = , adding to (5.13) and then 
choosing to = fc^, we get 

rf -A M (t) + ciA fc , a (t) <^A M (t)||V«fct(t,a)||i !l(n) + 



dt 



256 ^ , 32 



+c 2 k es +c 2 fcs ||Vtot(t)|| i2(n) + c 2 fc 5 



, Vi > s, 



for large enough and small enough where C\ and c 2 are positive constants 
and A k . s (t) := ± \\Vv kt (t, «)||* 2(n) + \ \\Av k (t, «)|£ a(n) + M (Vtfct(t, a), V« fc (t, «)) + 

^fc¥ (w t (t),«;( feA )(t)\. Since 



w t (t),w (kTS Ht) 



< IK(*)ll i6( n) 



\ 



J \w(t, x)\ 5 dx 

^x:xeSl, |u>(t ,x) | >fe A J 



< 



C3 



<7wl|V^(t)|| i2(n) , VtGi?, 



by the last differential inequality, we obtain 
d 



— A M (t)+CiA fe;S (i) <C2A k .s(t)\\Vv kt (t,s)\\ L2(n) 



+ 
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+c 4 fc^ +? 4 fc s ||Vtut(t)||2, 2(n) , Vt > s. 

t 

/[ci — C2 || Vvfc t (r,s) ||^ (o)]^ r 

Multiplying both sides of the above inequality by e s 2 , inte- 

grating over [s,T], multiplying both sides of the obtained inequality by 

- T S[ci-c 2 \\Vv kt {t,s)\\l 2{n) ]dt 

e s and taking into account (5.7), we find 



A fe;S (T) < c 5 k^ (w t (s),w^(s) 



^ zoo 

+ c 5 k 65 + 



+ c b k'' 



! / ||V«; t (t)|| 



L 2 (n) 



dt, VT > s, 



(5.16) 



for large enough k and small enough /j. On the other hand, since „4« is compact 
subset of % and problem (1.1)-(1.3) admits a strict Lyapunov function, we have 

w t (t) — > strongly in L 2 (Q) as i — > — oo (5-17) 

Thus, by (5.6) and (5.17), for any k e N there exists T fe = T k (j) < such that 

T 



C 5 fc s 



Wt (T),w^(T) 



c 5 fc s 



l|Vt^(t)||i a(n) dt< 1, VT<T fc , 



which together with (5.16) yields (5.3). 



□ 



Lemma 5.2. Assume that conditions (2.1)-(2.3) are satisfied. Then there exists 
fc € N such that 

s ^{\H t{t,s)\\ L2{n) + \\u ko {t,s)\\ m(n ^ =0, Vi<T feo (5.18) 

Proof. Multiplying both sides of (5.2)i by m^j + \iu k (// € (0, 1)) and integrating 
over fi, we obtain 

j t (E(u k (t, s)) + | ||V«fc(t, «)||i 2( n) + A 4 («**(*, *), «*(*, *))) + 

+ ||Vu fet (i,s)|li 2(0 ) +At||Vttfe(i,s)||i 2(n) -At||wfct(*,s)||i 2(n) < 
< ||<r(i«(t)) -<r fc («;(t))|| Iis(n) ||«fct(t,»)|| La(n ) ll«fct(*,*)llL e (n) + 
+/1 ||<r(l«(t))|| I ,3 (n) ||«fct(*, *)|| Le (n) ll u *(*> s)\\ Le{Q) + 

-o- fc (t«(t))|| L (n) ||vfe«(t, *)|| ia (n) IK(M)IIl 6 (o) + 

2 

+ ||/(tu(t)) - / fc (i«(t))|| Lf (n) ||ufct(M)|| ie( n) + 
+ m ||/(«;(t)) - A(«;(*))|| ia( n) *)ll ia (n) . Vt > a. 

3" 

Taking into account (2.4) in (5.19) and choosing /x small enough, we find 



(5.19) 



— (E(u k (t,s)) + | ||Vtifc(i,s)||i 2(n) +/i(«fct(*,s),Ufc(i,s))) + 
+ci (E(u k (t, s)) + | ||Vtifc(i, s)||i 2(n) + M («fct(*, s), Ufc(*, «))) 



< 



< c 2 \\a(w(t)) - a k (w(t))\\ 2 L3{n) \\vkt(t,s)\\ 2 Le(n) 
+ c 2 \\f(w(t))-f k (w(t))\\l 6{n s<t<T k 



+ 



(5.20) 
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where c\ and C2 are positive constants. Now let us estimate the terms on the right 
side of (5.20). Since H? +£ (n) C C(H) and 

IMy +E(n) < C3(e) IMI£T ( e n) IMIjfe) . W> e H 2 (n), Ve e (0, 1], 
from (5.3) and (5.4) it follows that 

IM*>*)llc(ii) ^£ fe > s < ^ < r fc) 
for large enough k. The last inequality together with (2.1)-(2.4) yields that 



IkM*)) — CT fc (w(t))|| » (n) <c 4 

3 



/ 



|io(i, x)| 6 dx < 



{a;:a:ef2,|uj(t,2:)|>fc} 



and 



< c 5 



\{x:x£(l,\w(t,x)\>k} 



< 



< c 5 



y \w(t,x)\ 6 dx 

\{x:x£Q,\u k (t,s,x)\>\v k (t,s,x)\} 



< 



( 



< C 6 



J \u k {t,s,x)\ & dx 

\{x\x£Ct,\u k (t,s,x)\>\v k (t,s,x)\} 



< 



< c 6 ||V«fc(t,a)||2 2( n) 

||/H*))-/ fc H*))ir 
/ 



s<t<T k , 



/ 



|io(i, x)| dx < 



{x:£cef2, |w(t, £c)|>fc} 



<C 8 



|tu(i,a;)| x 



y{x:a;er2,|u>(t,a;)|>fe} 



/" |w(i,x)| 6 rfx| : 

\{x:x£LQ,\u k (t,s.x)\>\v k (t,s,x)\} 



< Cg 



x)\ dx x 



\{x:a:efi,|iu(t,x)|>/c} 



|ufe(i, s,x)\ dx < 



\{x:xeQ,\u k (t,s,x)\>\v k (t,s,x)\} 



(5.21) 
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< cio | J \w(t,x)\ 6 dx\ ||V«fc(t,«)||J a(n) , s<t<T k , (5.22) 

.{x:xtzQ,\w(t,x)\>k} 

for large enough k. On the other hand, since An is compact subset of H and 
(w(t),w t (t)) e An, we have 

sup / \w(t, x)f dx — > as fc — > oo (5.23) 

teit J 

{z:xefi,|lo(t,x)|>/s} 

Thus choosing /x small enough, fc large enough and taking into account (5.21)-(5.23) 
in (5.20), we obtain 

^A fciS (t)+ciA fc , a (i) < c 2 \\Vv kt (t,s)\\ 2 L2{n) A fc , a (t), s<t<T k , 

where ci andc?2 are positive constants and Afc jS (t) = E(u k (t, s)) + £ \\ Vu k (t, s)||^ 2 (q) 
+ A 1 ( u kt(t, s), u k (t, s)). Now multiplying both sides of the last inequality by 

i 

e s I " 2( " ) , integrating over [s, T k ] and multiplying both sides of the 

, . • , . ... , -S[ci-cz\\Vv kt (t,s)\\l (n) ]dt 

obtained inequality by e 3 , we find 

~ ~ - / \ci-c 2 \\Vv kt (t,s)\\ 2 < n Jdt 

A fc ,.(T) < A M (*)e = 1 L2(n,J , a < t < T fc) 

which together with (5.7) yields (5.18). □ 

By Lemma 5.1 and Lemma 5.2, we have (w(T ko ), Wt (T ko )) € "Hi and 

IK(T feo )|| H1(n) + \\w(T ka )\\ H2(n) < f 0) 

where fo is independent of (wo,wi). Now since w(t,x) satisfies (1.1)-(1.3) on 
(Tfe ,oo) x f2, with initial data (w(T ko ), Wt(T ko )), applying Lemma 4.1 and tak- 
ing into account the last inequality, we find (wq, w\) € (£f 2 (0) n Hq(Q)) x Hq(Q) 
and 

\\( w o, Wi)\\ H 2 (n)xH i {n) < Ro, 
where the positive constant R is independent of (wo ,w\). So An is a bounded 
subset of (H 2 (£l) n Hq(SY)) x i?o(0) an d tnat is wnv it coincides with An x - 
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